History of Greek mathematics: A survey of recent research  by Berggren, J.L
HISTORIA MATHEMATICA 11(1984), 394-410 
History of Greek Mathematics: A Survey of Recent Research 
J. L. BERGGREN 
Department qf Mathematics. Simon Fraser University. Burnahy. 
British Columbia WA IS6. Canada 
This survey reviews research in four areas of the history of Greek mathematics: (1) 
methods in Greek mathematics (the axiomatic method, the method of analysis, and geomet- 
ric algebra): (2) proportion and the theory of irrationals (controversies over the origins of the 
theory of incommensurables); (3) Archimedes (aspects of controversies over his life and 
works); and (4) Greek mathematical methods (including discussion of Ptolemy’s work, 
connections between Greek and Indian mathematics, the significance of Greek mathematical 
papyri, Arabic texts, and even archaeological investigations of scientific instruments). 
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Dieser Uberblick umfal3t Untersuchungen aus vier Bereichen der Geschichte der griechis- 
then Mathematik: (I) die Methoden in der griechischen Mathematik (die axiomatische 
Methode, die Methode der Analysis und die geometrische Algebra): (2) Proportion und die 
Theorie der irrationalen Zahlen (Kontroversen iiber den Ursprung der Theorie der Inkom- 
mensurablen); (3) Archimedes (Aspekte der Kontroversen tiber sein Leben und Werk); (4) 
mathematische Methoden der Griechen (einschliel3lich der Diskussion urn das Werk des 
Ptolemaios, Verbindungen zwischen griechischer und indischer Mathematik, der Bedeutung 
der griechischen mathematischen Papyri, arabischer Texte und nicht zuletzt archaologischer 
Untersuchungen wissenschaftlicher Instrumente). ‘I’ IYX4 Academic Pres\. Inc 
Cet article donne un apercu des recherches faites dans quatre domaines de I‘histoire des 
mathematiques grecques: (I) les methodes des mathematiques grecques (la mtthode ax- 
iomatique, I’analyse et I’algebre geometrique); (2) les proportions et la theorie des irration- 
nels (les controverses sur I’origine de la theorie des incommensurables); (3) Archimedes 
(certaines des contreverses entourant sa vie et son oeuvre); (4) les methodes mathtmatiques 
grecques (comprenant une discussion de I’oeuvre de Ptolemte. les relations entre les mathe- 
matiques grecques et hindoux. le sens des papyri mathematiques grecques et des textes 
arabes, et m&me les recherches archeologiques des instruments astronomiques). ‘c’ 19x4 
Academic Press. Inc. 
When I first became interested in the history of mathematics, around the year 
1970, I wrote to Ken May to ask his advice on which areas would be most fruitful 
for research, and I listed a variety of areas, asking for his opinion on each one. As 
was Ken’s custom, he replied by returning my letter, annotated with his margina- 
lia. I do not remember all the areas or his answers, but two do stand out in my 
memory. The one was “modern mathematics” and the other was “Greek mathe- 
matics.” Next to the first he had penned an enthusiastic “Yes. badly needs 
work”; next to the second there was only the laconic “Over-researched.” No one 
who has given advice to another will be surprised to learn I decided to do the 
history of Greek mathematics. 
If one takes the remarks of Ken that I quoted above in the sense of saying that 
the history of ancient Greek mathematics has been much more thoroughly re- 
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searched than that of modern mathematics, then of course they are quite true. 
However, far from awaiting only the filling-in of minor details, the history of 
Greek mathematics is an area where there is still controversy over some of the 
main features and where issues of considerable historical importance are still 
unsettled. 
To give some focus (and boundaries) to this survey I have limited it to a review 
of four areas: (1) methods in Greek mathematics, (2) proportion and the theory of 
irrationals, (3) Archimedes, and (4) Greek mathematical methods. 
METHODS IN GREEK MATHEMATICS 
Anyone who has studied the mathematics of any period realizes that the key to 
understanding it lies as much in a deep understanding of its methods as in a 
comprehensive knowledge of its results. Thus I want to begin with an account of 
the recent studies of three very general methods in Greek mathematics: the axio- 
matic method, the method of analysis, and geometric algebra. 
The Axiomatic Method 
There has been considerable debate concerning the origins of the axiomatic 
method in Greek mathematics. In [Szab6 19681 there appeared the thesis that it 
was the intluence of Eleatic philosophy (in particular Zeno) that shaped the “theo- 
retical foundations of deductive mathematics.” Szabo believes that these founda- 
tions were made necessary by the discovery of incommensurables within such 
problems in music theory as that of dividing the octave into two equal intervals. 
The ratio that determines the octave is 2 : 1, and to divide it into equal intervals 
means to find a number x so that 2 : x = x : 1. This is but one example of the general 
problem of finding a mean proportional between two numbers in the ratio of (n + 
1) : n, and thus it was within music theory, according to Szabo, that the theory of 
proportions, and indeed much of Euclidean arithmetic, originated. Completing 
Szabo’s break from much of the current view of the history of Greek mathematics 
is a consequence of his belief that the theory of incommensurables was worked 
out in the fifth century BC, viz., that Theodoros and his pupil Theaetetos played no 
very important role in the history of Greek mathematics, since the achievements 
that Plato’s dialogue Theaetetos seems to attribute to them must have been well- 
known parts of mathematics considerably before their time. (However, the inter- 
pretation of the “Theaetetos Passage” has practically become a separate branch 
of the history of Greek mathematics, and I shall deal later with its extensive 
literature.) 
The point I am making here is that Szabo-like [Mugler 1948]-sees an impor- 
tant part of Greek mathematics as having originated in response to stimulus from 
philosophers. Objections of a general sort to Szabo’s arguments on the Eleatic 
background have been raised in the review by [Knorr 19811 on the grounds that 
known history is not consistent with consequences of Szab6’s thesis on the Ele- 
atic origins of axiomatic mathematics. A more extensive critical discussion of 
Szabo’s basic thesis on the priority of logic over mathematics may be found in 
[Berka 19801. 
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I must say that it is not clear to me how far Szabo means to press his thesis, 
whether he is saying no Greek had ever phrased a mathematical argument prior to 
Parmenides, or if he is claiming only that the creation of an axiomatic foundation 
(as distinct from a loose deductive structure) for mathematics was a response to 
Eleatic criticism. On the other hand, on the early relationship between mathemat- 
ics and music, I know of no serious effort to dispute Szabo’s philological argu- 
ments on the musical origins of the vocabulary and concepts of proportion theory. 
The Method of Analysis 
The basic paper here is [Mahoney 19681, which goes beyond the past discus- 
sions of Greek geometrical analysis, which attempt to show how the ancient 
accounts could be squared with modem views, and studies, instead, the historical 
development of geometrical analysis as a body of techniques that are useful as 
much for solving problems as for proving theorems. Mahoney has shown that 
analysis not only led to solutions of problems such as duplicating the cube or 
trisecting the angle but also led to the recognition of general problems-such as 
verging constructions, in which one is asked to place a segment of fixed length in 
such a way that its endpoints lie on two given curves and it verges toward a given 
point. As general problems these arose out of specific cases occurring in the 
analysis of other problems [l]. 
An account of ancient analysis that is, to some extent, an alternative to that 
offered in [Mahoney 19681 is found in [Hintikka and Remes 19741, where it is 
argued that a “directional” account of analysis as a search for consequences is 
misleading since Pappos’ analysis is largely a search for “concomitants” in geo- 
metrical figures rather than consequences in proofs. From the point of view of 
historical method the work is an attempt to use the philosophy of mathematics to 
shed light on historical questions, an approach that is more common elsewhere in 
the history of science. 
With regard to the results of analysis, it is a hypothesis in [Zeuthen 18961 that 
the origin of the loci that were to become known as conic sections is to be found in 
Menaechmos’ analysis, early in the fourth century BC, of the problem of duplicat- 
ing the cube [2]. [Knorr 19821 again advances Zeuthen’s hypothesis on the origin 
of the curves, but goes on to argue that it was not until several decades after 
Menaechmos’ statement of their analytic definition that they were realized to be 
plane sections of cones. To argue thus, Knorr must maintain that several genera- 
tions of historians have erred in reading Eratosthenes’ famous injunction “Do not 
cut the cone in the triads of Menaechmos” as implying that Menaechmos realized 
his triad of curves (hyperbola, parabola, and ellipse) were sections of a cone. Of 
course, Greek testimonia and scholia are often vague, but, since this has always 
seemed one of the less vexing ones, there are no adequate grounds for reading it 
other than as it has been read. 
Knorr also supports Zeuthen’s view that the somewhat special initial geometri- 
cal definition of the conic sections, as sections of an isosceles cone (of varying 
vertex angle) by a plane perpendicular to a generator of that cone, arose out of a 
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desire to show that the locus of points, described in analytic terms as one in which 
certain squares were equal to certain rectangles, did exist as a continuous curve. 
To give this proof it was most convenient to use the above method of sectioning 
the cone, and thus it came about that what appears to be an awkward requirement 
was deliberately adopted for technical reasons. 
The origins of analysis are another topic that has tempted historians, and some 
recent writings on analysis have attempted to find these origins in philosophical 
thought-in the school of Plato if we are to believe Proklos. Thus [Mugler 19481 
argues that Plato was inspired to discover analysis by analogy with his idea of the 
upward movement of the mind in the dialectic, from a proposition to the hypothe- 
sis that implies it, from that hypothesis to a higher one, and so on until the mind 
reaches the ultimate source, which is ahypothetic. However, a convincing refuta- 
tion of this view of the origins of analysis is given in [Cherniss 19511. Cherniss 
argues that it is highly unlikely that the dialectic, an “upward” movement from 
proposition to hypothesis, until one reaches the ahypothetic, would have inspired 
analysis, a passage from a proposition to consequence. On the other hand 
[Lafrance 19801 argues that, far from inventing geometrical analysis, Plato was 
inspired by the use of it he saw in the practice of contemporary mathematics to 
form his philosophy of the dialectic. However. Cherniss objections to any account 
that would have analysis derive from the dialectic would seem to apply equally 
well to accounts that would have the mathematician’s practice of analysis inspire 
the Platonic dialectic. 
Geometric Algebra 
The scholarly point at issue here is whether it is historically justified to interpret 
parts of Greek mathematics, typified by Book II of Euclid’s Efements, as transla- 
tions of Babylonian algebraic identities and procedures into geometric language. 
The view that this represents what happened historically arose from conjectures 
of Zeuthen and Tannery and the subsequent publication by Neugebauer and 
others of the Babylonian mathematical cuneiform texts. The locus classicus is 
[Neugebauer 19361. So far as I know this theory is widely accepted [3], but an 
early dissenting voice was that of [Szabb 19681, who suggested that “geometric 
algebra” ought to be replaced by the term geometry ofareas in order to emphasize 
that the theorems are geometrical theorems, used to prove other theorems in 
geometry, and that there is no concrete evidence that pre-Euclidean Greeks took 
over Babylonian algebra and recast it in geometric form. 
This point was raised again, rather more polemically, by [Unguru 19751, who 
argued that modern accounts of Greek mathematics have been so strongly af- 
fected by the concept of geometric algebra that it is now necessary to rewrite the 
whole subject. Unguru’s attack provoked many vigorous responses [Van der 
Waerden 1976a; Freudenthal 1977; Weil 19781. (The last word in that round of the 
controversy seems to have gone to the offense in [Unguru 19791.) 
The point at issue between Neugebauer and Van der Waerden on the one hand 
and Szab6 and Unguru on the other has been fairly analyzed by [Mueller 19811, 
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who reaches the conclusion, based in large part on an analysis of how various 
propositions in The Elements are used, that “a strictly geometric reading of The 
Elements is . . . sufficiently plausible to render the importation of algebraic ideas 
unnecessary” [p. 441. However, when Mueller, in the context of this debate, 
writes of the propositions in The Elements, Book II, that “a final judgement on 
their meaning depends upon an examination of these applications in other parts of 
the work” one wonders what he is suggesting by the word “meaning.” If this is to 
be a synonym for “use” or even “significance” then, unquestionably, a study of 
the applications of Book II in The Elements will shed light on this question, but a 
study of the use of the theorems of Book II cannot give an convincing answer to 
the question of the origins of the method of geometrical algebra. 
My own view, therefore, is that to establish geometrized algebra as a historical 
fact still requires that considerable research be done on the time and method of 
transmission of Babylonian mathematical knowledge to the Greek world. Some 
Babylonian ideas-for example, the gnomon-seem to have been transmitted at 
an early date, whereas other notions- that of degree measurement of angles and 
the sexagesimal system, even in the modified form in which the Greeks used it, for 
example-seem to have arrived after Euclid wrote. When, in this interval, one is 
to date the importation and geometrization of Babylonian algebra is a historical 
question to be settled not by conjecture but by research. If the event cannot be 
located historically one must recognize the possibility that it may not have oc- 
curred. 
THE THEORY OF PROPORTION 
The traditional form of the history of this theory relates how the early Pythago- 
reans, influenced by their belief that “all is number,” held to the conviction that 
any ratio is the ratio of two whole numbers. This account was developed further in 
[Becker 19331, where it is argued, on the basis of testimony of Aristotle and other 
ancient sources, that there was a theory of proportion that replaced the old numer- 
ical one but was not yet the theory supplied by Eudoxos. This intermediate theory 
was based on the repeated subtraction of the lesser of two magnitudes to be 
compared from the greater, then the remainder from the lesser, etc., and went 
under the name of anthyphairesis or antanuiresis. This procedure is precisely 
equivalent to the present-day procedure of finding a continued fraction expansion, 
so that four terms are in proportion (A : B :: a : 6) if (in modern language) the terms 
of the continued fraction expansion of A : B are the same as those of a : b. (The 
proof of proportionality in the case when A and B are incommensurable obviously 
presents great difficulties and can be executed in general only when some period- 
icity can be established). Then, the account continues, Eudoxos established the 
general theory of proportion that a scholium to Book V credits him with, one 
which applies equally well to any two magnitudes of a given kind, whether com- 
mensurable or incommensurable-and all was light. 
Eudoxos enters into the history of science, also, as the discoverer of the model 
of homocentric spheres, and [Riddell 19791 shows how, by working with se- 
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quences of numbers arising out of these investigations, Eudoxos could have been 
led to his famous definition of equality of ratios. Riddell’s paper is one of the more 
interesting examples of the method of historical investigation that seeks the origin 
of a mathematical theory credited to a particular person in other work of that 
person. Another example of this genre is the argument in [Von Fritz 19451 that it 
was Hippasos of Metapontum who discovered the irrational in the course of his 
investigations of the pentagonal faces of the dodecahedron, but this is a subject we 
shall return to [4]. 
Within the past five years, however, there have been two challenges to the 
above history of the theory of proportion. The first is in [Knorr 1978~1, which 
argues that, although Eudoxos invented a theory of proportion, the Eudoxan 
theory is not that found in Euclid’s Book V but rather the following: If A and B and 
c and d are two pairs of commensurable magnitudes and if A and B and c and d 
have common measures E andfresp. so that A = nE and c = nfwhile B = mE and 
d = mfthen A : B : : c : d. (Note that this definition would be a corollary of a version 
of Elements VII, 10, stated for commensurable magnitudes rather than for num- 
bers.) Knorr finds evidence of this theory in Archimedes’ treatment of the proof of 
the law of the lever in the Equilibrium of Planes, Book I (Propositions 6 and 7) and 
in a theorem on the areas of circular sectors reported by Heron and Pappos and 
ascribed by Heron to Archimedes. Characteristic of this theory is a separation of 
proofs into commensurable and incommensurable cases, a use of the above defini- 
tion in the commensurable case, and an indirect argument, based on a lemma 
found as a scholium to Theodosios’ Spherica III, 9, to handle the incommensura- 
ble case. 
Quite independently of whether or not Archimedes used the approach to ratios 
suggested by Knorr (and his work raises the whole question of “the young Archi- 
medes”), it is certainly true that the pieces Knorr cites are genuine pieces of 
Greek mathematics and their approach to proving statements involving propor- 
tions does invite investigation. 
The present state of affairs seems to be that Knorr has drawn attention to an 
interesting method for proving that four magnitudes are proportional, but the 
question of whether his method is based on a pre-Eudoxan theory may be re- 
garded as being still open. It is, after all, a hazardous business to reconstruct a 
theory on the basis of arguments that, being entirely inferential, are unsupported 
by extant testimonia. 
Very shortly after the above speculations on a third ancient proportion theory 
appeared, [Fowler 19791 reconsidered the character of the anthyphairetic theory 
and argued that it was the theoretical logistic Plato referred to and constituted, in 
fact, a theory of ratio and not of proportion; i.e. it assigned a precise meaning to 
the ratio A : B in terms of the sequence of whole numbers characterizing the 
continued fraction expansion of A/B. [Fowler 1980, 19821 goes on to argue that, in 
terms of this theory, much of Book II of The Elements can be understood as a 
treatise incorporating theorems useful in carrying out the proof of the periodicity 
of the sequence of numbers obtained when the ratio n : m is investigated by the 
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anthyphairetic method. Fowler’s principal arguments for the correctness of his 
view are that: 
(1) It gives an area of mathematical investigation that could reasonably be called 
theoretical logistic and provides a sensible interpretation of passages in Plato that 
are otherwise obscure. 
(2) It explains why many pre-Euclidean fragments (e.g., Hippocrates of Chios) 
speak of “ratio” rather than proportion and why the term “ratio” even occurs in 
places in Euclid, despite the fact that “the Elements does not contain a precise 
definition of ratio.” 
As for the second point, the operative word is surely “precise.” Fowler himself 
admits that Book V of The Elements does contain a definition of ratio, and 
whether a modem reader considers it precise or not is less important than whether 
Euclid considered it sufficient. The evidence in The Elements suggests that Euclid 
felt he had defined it as much as he had defined any other term and therefore had 
no hesitation about using it. One feels that [Mueller 19811 makes a valuable point 
when he speaks of Euclid’s “conception of definitions as characterizations of 
independently understood notions,” and, although Mueller applies this to explain 
the presence of two unreconciled theories of proportion in The Elements, it seems 
to me equally applicable to Euclid’s definition of ratio. 
As for Fowler’s first point, that an anthyphairetic theory of ratios gives us a 
means of interpreting what seem to be cryptic references in Plato, one can agree 
with him that it does provide an interpretation, while still wondering about the 
validity of interpretations that see in the Charmides 116A “Thus reckoning (logis- 
tike), I suppose, is concerned with the even and odd in their numerical relations to 
themselves and one another . . .” a reference to the fact that “the ordering by 
size of two ratios (expressed as continued fractions) does not follow a simple 
lexicographical rule . . . but has this rule reversed in the odd-numbered places of 
the anthyphairetic sequence” [Fowler 1979, 830-83 I I. 
THEORY OF INCOMMENSURABLES 
Fowler’s study of the theory of ratios raises the problems faced by any study of 
ancient mathematics that relies for part of its evidence on interpretations of pas- 
sages in Plato, in this case the reference to theoretical logistic. Plato’s writings 
are, of course, a major witness to early mathematical activity in Greece, and great 
energy has been expended to extract information on the state of mathematics from 
these writings, whose primary purpose was philosophical. One’s judgment of the 
success of such efforts must depend in large measure on his sympathy with the 
conjectural reconstructions of “the whole story” that are so necessary in attempts 
to reconstruct a century of activity from the fragments found in the writings of 
Plato. 
Another case in point is [Knorr 19751, in which a key element is a minute 
examination of a short passage in the dialogue Theaefetos that relates to the early 
history of irrationals. Knorr uses the resources of philology, comparisons with 
passages elsewhere in Plato, and a study of the ancient commentators and modern 
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historians to put forward a reconstruction of the history of Greek mathematics up 
to the time of Eudoxos that takes issue with many widely accepted theories. For 
example: 
(1) [Van der Waerden 1947/1949] develops a suggestion of [Zeuthen 19101 that 
Theodoros of Cyrene used anthyphairesis to prove the irrationality of square roots 
of non-squares from 3 to 17. Knorr, however, argues that the assumption of an 
anthyphairetic approach contradicts such features of the text as its implication 
that Theodoros got “tangled up” in difficulties at 17 (for the case of 17, as opposed 
to 13 or 19, is particularly easy). Thus Knorr concludes that the approach was not 
anthyphairesis. 
(2) [Van der Waerden 1947/1949] carries further an argument in [Becker 19361 to 
support his claim that a deductive formulation of Euclidean number theory by 
Pythagoreans early in the fifth century included not only the theory of even and 
odd, identified by Becker at the end of The Elements, Book IX, but all of Book VII 
as well, a book that [Van der Waerden 19611 argues is a Pythagorean transforma- 
tion of the ordinary arithmetic of fractions into the number theory of integers. 
Knorr is much more restrictive in the number theory he ascribes to the early 
Pythagoreans (or, indeed, to any of the mathematicians prior to Theaetetos) and 
argues that Theaetetos was the one who developed number theory from the rudi- 
mentary state that Theodoros had to make use of. 
(3) Finally Knot-r holds that Theaetetos worked out only part of the theory 
found in Book X, notably a theory of “three classes of irrational lines, corre- 
sponding to the Euclidean medial, binomial and apotome” and that Eudoxos of 
Knidos played a large part in the development of the rest. This goes against the 
generally held view (e.g., [Van der Waerden 19491) that Book X is almost entirely 
the work of Theaetetos. 
Many of Knot-r’s arguments have gained a positive response, and [Van der 
Waerden 1976b] appears to be convinced of Knorr’s interpretation of the Theaete- 
tos passage, in general, as well as his reconstruction of Theodoros’ proofs, in 
particular [Van der Waerden 1976b] also appears to have modified his conviction 
in 1947 that Book VII goes back to the early Pythagoreans, at least to the extent 
that he now regards the issue as “open.” 
However, shortly before Knorr published his book, there appeared [Neuen- 
schwander 19731, which argues, on the basis of an exhaustive examination of the 
logical structure of the first four books of The Elements, that the propositions of 
Book II, although brought up to date in their terminology at Euclid’s time, revert 
to the Pythagoreans. This view of the origins of Book II (or at least its Proposi- 
tions 5, 6, 11, and 14) is shared by [Szabo 19741, but for a word of caution see 
[Fischler 19791. 
The recent controversy between [Knot-r 19791 and [Burnyeat 1978, 19791 is as 
much concerned with Plato’s intent in writing the section of Theaetetos dealing 
with Theodoros’ geometry lesson as it is with philological matters. Knorr argues 
the passage must be interpreted in a way that makes mathematical sense. Bur- 
nyeat argues that, on the contrary, just as context is important in settling philolog- 
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ical questions, context is equally important in settling the question of the intent of 
the passage. According to Burnyeat, the context is a discussion of the philosophi- 
cal point that a definition is more than a list of specific instances of what is to be 
defined. Plato had no intention, says Burnyeat, of writing a history of incommen- 
surables. 
Thus the debate, even on a work as thoroughly researched as [Knorr 19751, 
continues, as it must whenever there are sufficient documents to support a variety 
of reconstructions but an insufficient number to narrow the list of contending 
theories to one. 
ARCHIMEDES 
Here, too, there are also a number of controversies, this time relative to the life 
and work of Archimedes, although here we have an incomparably greater fraction 
of known works extant than is the case with pre-Euclidean mathematics. This may 
be, of course, an illustration of what I call Goldstein’s law, after my colleague, B. 
Goldstein, who related it to me as follows: “The discovery of manuscripts does 
not solve problems. It creates them.” 
On the other hand, the controversies on Archimedes may only illustrate the fact 
that genius is more easily recognized than understood and, for this reason, Archi- 
medes’ works have challenged the best efforts of generations of scholars. 
However, [Knorr 1978dj puts the argument that earlier studies of Archimedes 
and his works display an “ahistorical attitude” in assuming “for the whole corpus 
of Archimedes’ works, apart from The Method, an ever-present and uniformly 
rigorous formal technique”. To counter this, Knorr proposes a new chronology of 
Archimedes’ works in which the key to the new classification is “the greater 
application of standard Euclidean techniques in the earlier works,” and one result 
of the study is the identification of fragments from Heron and Pappus as excerpts 
from the work of a young Archimedes. Knorr argues that, contrary to Heath, The 
Method is the last of Archimedes’ extant works, and he also urges the view that 
Measurement of the Circle is one of his earliest works. (In regard to the latter 
work [Sato 19791 tries to restore the Greek text of Proposition 1 of that work on 
the basis of, among other sources, Euclid’s phrasing of theorems on quadrature, 
for the author believes that Archimedes was under the influence of Euclidean 
terminology when he wrote that work.) 
Much of Knorr’s argument rests on his analysis of convergence techniques, 
where the Axiom of Archimedes plays a crucial role, and here he evidently views 
the import and function of that axiom in a way quite different from that of 
[Dijksterhuis 19561 and [Hjelmslev 19501. Both of these scholars made a penetrat- 
ing study of the function of the axiom in Archimedes’ works and distinguished its 
import from that of Euclid V, Definition 4, and Euclid X. I, although they differ on 
the motivation for Archimedes’ introducing it. 
Unfortunately these discussions seem not to have had the impact on modern 
scholarship that they ought to have had, and in a work as recent as the general 
survey of Archimedes studies by [Schneider 19791, one reads [p. 481 that Archi- 
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medes’ Axiom and Euclid X, 1, are equivalent. Although there is much that is 
valuable in [Schneider 19791 it retains such misconceptions as the above, as well 
as the idea propounded in [Drachmann 19671 that Archimedes discovered some of 
his quadratures by actually making models and weighing them. 
This myth has been further developed in [Sate 19811, an attempt to use philolog- 
ical investigations to restore an early Archimedean corpus of three works, gener- 
ally cited by Archimedes as Tai pppy~~ai. The author comes to the odd conclu- 
sion that what Archimedes found nonrigorous in his Method was its foundation on 
actual physical experiment, whereas (we are assured) Archimedes had no doubts 
about the acceptability of using indivisibles. 
On the subject of Archimedes’ mechanical works [Drachmann 19631 performs a 
very valuable service in (to my mind correctly) identifying many fragments of 
Archimedes’ lost works on statics and so provides additional material for study 
for one who is interested in this side of Archimedes work. On the other hand 
[Berggren 19761 has the opposite effect, urging the removal of trivial and logically 
isolated parts of Equilibrium of Planets, I (E-P-1.) from the Archimedean corpus 
and suggesting that even the proof of the Law of the Lever in that work may be 
spurious. This work has been criticized by [Knot-r 1978d] but supported by Souf- 
frin 119801, who also argues that Archimedes’ treatise E.P.I. contains a virtual 
definition of the concept of center of gravity. The relative importance of Archi- 
mede’s mechanical investigations for understanding the development of his math- 
ematical work has been stressed by practically all recent writers, but one conse- 
quence of [Knorr 1978d] would be that there was a group of early studies having 
nothing to do with mechanics. Later, in his 30’s, Archimedes became interested in 
mechanics, and his discovery of his mechanical method of investigation led to his 
publication, when he was into his 40’s, of the great works we associate with his 
name, many of them revising purported, earlier studies. 
The attempt to reconstruct the contents of Archimedes’ early writings on spirals 
is the subject of [Knot-r 1978b, a]. In the former, the argument is presented that the 
heuristic background to Archimedes’ mature studies on areas and tangents of 
spirals is to be found in Book IV of Pappos’ Mathematical Collection and that the 
heuristic considerations involved rather elegant arguments concerning spirals on 
cones, cylinders, and spheres. In [1978a] the author shows that weaker construc- 
tions, not requiring the vergings of Propositions 7 and 8 of On Spirals, will suffice 
for Proposition 18 and concludes that, since Archimedes chose to use the stronger 
verging construction when it was not necessary, he must have regarded these as 
quite legitimate and in need of no further explanation. 
A different approach to the treatise On Spiral Lines is found in [Bashmakova 
1956, 19641. In the second, more extensive, study the argument is put that Archi- 
medes possessed methods which, although not algorithmic, were equivalent in 
conception to the 17th- and 18th~century notions of differentials. Through a close 
study of the mathematical arguments in On Spiral Lines. Bashmakova has identi- 
fied as a key part of Archimedes’ method of tangents the perception that a certain 
infinitely small triangle is similar to a finite triangle. A similar analysis of Archi- 
404 J. L. BERGGREN HM 11 
medes’ solution to the problem of cutting a sphere by a plane so that the two 
segments have to each other a given ratio leads her to conclude that Archimedes 
possessed a method for finding extrema that was used by M. Ricci and E. Torri- 
celli in the 16th and 17th centuries. 
MATHEMATICAL METHODS 
There has been an increasing recognition that the history of mathematical meth- 
ods is as much a part of the history of mathematics as is the history of number 
theory or algebra. Whether judged in terms of breadth of coverage or depth of 
analysis, first among the recent studies of Greek mathematical astronomy is 
[Neugebauer 19751, A History of Ancient Mathematical Astronomy, a three-part 
work that is a comprehensive history of mathematical astronomy in both the 
Babylon and the Greco-Roman world, which also offers careful analyses of math- 
ematical methods in other fields as well [5]. 
Ptolemy’s work is, of course, central to the study of mathematical methods [6]. 
For example, his work on refraction, and especially the tables accompanying it, 
furnishes [Schramm 19651 with one of its chief pieces of evidence for a discussion 
of the genesis of the idea of a function in Western science. One of the main points 
of this paper is that it was the mathematical methods that Greek astronomers used 
in dealing with tabular data that provide the key to understanding the methods 
they, and the later Muslim astronomers, employed in dealing with optical data. 
These mathematical methods, as they appear in The Almagest, form the object of 
study of [Pedersen 1974b], an illuminating account of Ptolemy’s treatment of 
tabulated functions of one-, two-, and three-variables. Both Schramm and Peder- 
sen draw attention to the importance of Greek geometric modeling in providing a 
basis for the computational treatment of continuous phenomena, where, prior to 
the Greeks, the Babylonians had tabulated the appearances of discrete phenom- 
ena. 
One area of study of the history of mathematical methods in Greek astronomy 
that has received some careful consideration is the study, via Sanskrit texts found 
largely in India, of the history of methods in astronomy predating those of Ptol- 
emy. Although such work goes far beyond the scope of this survey, in that it is of 
primary significance for history of Indian mathematics, I must mention [Pingree 
19701, Census of the Exact Sciences in Sanskrit, a series of volumes that will 
doubtless open up to researchers in many areas paths that lead to real treasures. 
Examples of the retrieval of pre-Ptolemaic methods from Sanskrit are found in 
[Pingree 1971, 19761. 
That much may also be learned from a study of Greek mathematical papyri has 
been shown in [Neugebauer 19721, which discusses an epicyclic theory of plane- 
tary motion in which the motion of the planet on the epicycle is the wrong way. 
Neugebauer conjectures that the theory is pre-Apollonian (the work of this astron- 
omer and writer on tonics being taken as the starting point of the tradition in 
Greek mathematical astronomy that found its full development in Ptolemy’s Al- 
magest), so that the device of an epicycle-if not its correct use-predates Apol- 
lonios . 
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The figure of Ptolemy looms so large in the history of mathematical methods 
that it is difficult to see behind him, a fact that gives added importance to the 
above-mentioned researches. Another area in which Ptolemy looms large is in the 
history of trigonometry. Theon tells of a work by Hipparchos on chords, and 
[Toomer 19731 shows that, with no theorem deeper than the Pythagorean, Hip- 
parches could have written out a table of chords for a sequence of arcs that 
increase by steps of 79 from 0” to 90”. Toomer also adduces evidence from the 
Almagest that suggests this was Hipparchos’ procedure. The net effect of the 
paper is to sketch out a plausible chapter in early Greek trigonometry. 
Toomer argues, against Tropfke, that Archimedes did not have trigonometric 
methods at his disposal [7], and this view is also adopted by [Shapiro 19751. 
Shapiro gives an ingenious mathematical argument, which uses only methods 
known from Archimedes’ other works, that accounts for the bounds on the angle 
subtended by the sun that Archimedes gives in his Sandreckoner. 
One of the refreshing aspects of the study of mathematical methods in antiquity 
is that one occasionally encounters texts that have been little studied or even 
untouched by modern scholarship, and so the debate is fed by new data. This is 
much rarer in the history of the areas traditionally regarded as belonging to mathe- 
matics. However, the increased activity in the study of Arabic mathematical texts 
has produced some unexpected finds. For example, [Toomer 19761 is an edition of 
a small collection of works by the Greek mathematician Diocles, including his 
treatise On Burning Mirrors, and this text, together with Toomer’s accompanying 
historical commentary, casts considerable light on the history of the conic sec- 
tions at the time of Diocles and his better-known contemporary Apollonios. It has 
also set Diocles himself on much firmer historical ground than he was previously. 
Another Greek work we have obtained through an Arabic translation is a section 
consisting of four books from Diophantos’ Arithmetica. The recent discovery of a 
unique Arabic manuscript led to an initial edition and study in [Rashed 1974, 
1975a,b]. This was followed by [Sesiano 19821, an edition, with translation and 
extensive commentary, which represented an expanded version of Sesiano’s the- 
sis of 1975. A third example is the Archimedean treatise On Tangent Circles, 
which was translated into Russian by B. A. Rosenfeld and then into German, from 
the unique surviving Arabic text, in [Dold-Samplonius et al. 19721. 
Another work, which is certainly an Arabic version of a Greek text, and possi- 
bly an Archimedean text, is in [Dold-Samplonius 19771, the recently translated 
Book ofAssumptions by Aqfitun. The text is extremely interesting in content, but 
work still remains to be done in putting this text into the history not only of Greek 
mathematics but of the translations of Greek into Arabic. 
Another entry on the list of works recently translated from Arabic, and arguably 
of Archimedean origin, is [Hill 19761, “On the Construction of Water-Clocks.” 
According to Hill, who has made a detailed study of the relevant evidence, the 
treatise is probably an Arabic translation of a Byzantine elaboration on an Archi- 
medean treatise. If so, this would open up new areas of research to scholars who 
have, up to now, accepted Plutarch’s characterization of Archimedes’ spirit as so 
lofty he disdained to write on any mechanical subject but sphere making. 
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An important field was [Goldstein 19671, the discovery, in an Arabic version, of 
a lost section of Ptolemy’s derivation of the sizes and distances of the planets. The 
mathematical argument uses data on the apparent sizes of the planets as well as 
the relative sizes of their orbits, according to Ptolemy’s epicyclic models, and the 
size of the earth. 
Also significant, for the history of non-Euclidean geometry, is [Sabra 19691, 
which contains a version of a purported proof of the parallel postulate by a writer 
who is, arguably, Simplicius. 
Finally, [De Solla Price 197.51 is a reminder that historians of mathematics can 
learn much from an archaeological investigation of scientific instruments. Profes- 
sor Price expresses the opinion that the geared calendar computer, whose design 
he exposed with such care, is part of a clockwork tradition that goes back to 
Archimedes’ planetarium and that some “rather elegant number manipulation 
. . . is necessary to get a set of correct ratios for turning the various planetary 
markers” [p. 581. 
CONCLUSIONS 
The three decades that have just ended have been decades of considerable 
change in the history of ancient Greek mathematics. The fact that no major new 
texts, such as the Archimedes palimpsest or the mathematical cuneiform texts, 
have come to light has given scholars a chance to reflect on the previous material 
and perhaps to begin to modify conclusions that once seemed fairly secure. The 
absence of spectacular new discoveries has sent all of us back to the old texts, and 
has led some to the compilation of texts, whose existence is conjectured, out of 
old materials. Clearly, in order to do this, one must be sensitive to the editorial 
methods of Heron, Pappos, and others, and some recent research has considered 
this issue. 
Thus, the history of Greek mathematics is alive and well. It draws on civiliza- 
tions to the east-notably India and the Islamic world-for new blood, the old 
texts are read in new ways by a new generation of scholars, and the old puzzles 
are as intriguing as ever. The challenge of understanding the development of the 
system of thought that became a paradigm for mathematics continues to inspire 
scholars’ best efforts and so the history of Greek mathematics remains an impor- 
tant, and growing, part of the history of science. 
NOTES 
1. This passage from particular cases of a problem to the recognition of the existence of a general 
area of investigation reminds one of a point made in [Waterhouse 19721 that the discovery of “regular 
solids” goes beyond the discovery of cube, pyramid, etc., to a conscious recognition of the idea of 
regular solids as a class of elements having structural features in common. 
2. For an alternative hypothesis on the origin of the conic sections see [Neugebauer 19481. 
3. See [Knorr 197.51 for a reconstruction of late fifth- to early fourth-century mathematics that makes 
important use of the hypothesis of a geometrized algebra (e.g., [Knorr 1975, p. 911) and [Van der 
Waerden 19541 for a general history where geometric algebra figures prominently. 
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4. Mugler’s attempt to find the inspiration for the method of analysis in Plato’s dialectic is yet 
another example. That none of these searches for origins have convinced most scholars indicates that 
the genre, handled carefully, may be useful in suggesting leads for further research but cannot, alone, 
be convincing. 
5. Neugebauer’s original papers on many of the topics dealt with in [Neugebauer 19751 can now 
conveniently be consulted in [Neugebauer 19831, a collection from his papers that were published from 
1932 to 1980. 
6. The reader should also consult [Pedersen 1974a] for a good introduction not only to Ptolemy’s 
mathematical methods but also to his planetary models: however, he will want to consult (Toomer 
19771 to correct Pedersen on certain points of detail. 
7. In light of Toomer’s arguments here, much of what [Sezgin 1974. 122-1231 writes needs to be 
modified. 
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